Heat exchanges in the mammals' lung are often considered negligible, despite of the lack of quantitive knowledge about their dynamics. Based on a modelling approach that allows to have both good quantitative predictions and full analytical solutions, we show that the heat exchanges are the consequence of a trade-off between the increase of the surface of the bronchi wall and the decrease of the driving gradients. This trade-off is driven by the temperature of the mucosa in the proximal bronchi that drives evaporation or condensation of the water in air. Although the resulting exchange patterns have a non trivial dependence on the mammals' mass, we show that the total amount of power dissipated in the lung obeys an allometric scaling law at rest. Strikingly, the system is driven by a single dimensionless number that is universal amongst mammals. In the ecological frame of the heat limitation dissipation theory, these exchanges bring a net evolutionary advantage from an organ designed for another function. We define the heat and water pulmonary diffusing capacities and derive their allometric scaling at rest. The heat diffusing capacity adapts to the animal so that the relative proportion of heat dissipated by its lung is independent on the animal's mass at rest, on the contrary of the proportion dissipated by the skin which decreases with the animal size. For human, our analysis also suggests that the heat and water diffusing capacities also adapt to the exercising level and keep up with the increase of heat production.
Mammals, including humans, are starting to feel hot at temperatures that are lower than that of their body, actually somewhere about ten degrees Celsius lower [1] . Behind this feeling is how mammals' metabolism deals with energy. Respiration stores our energy by metabolising ATP from the oxidation of substrates [2] . Only about forty percents of the energy freed by the oxidative processes are actually stored, and the sixty percents left are released as heat in the body [3] . When energy is needed, ATP is degraded, and, again, some of the energy released is released as heat, with about as much as eighty percents for mammals' muscles [4] . This amount of heat dispatched throughout the body is often too much and thermoregulation has to eliminate the surplus [5] to prevent overheating, a potentially deadly affliction [6, 7] . Mammals mainly use their skin as a natural heat sink to eliminate the excessive heat from their body [1, 8] . This mechanism relies on the temperature and water concentration differences between their skin and the surrounding environment to drive the cooling mechanism.
All mammals are however not equal in term of cooling by the skin [9] , as the proportion of heat dissipated relatively to the heat produced decreases with the animal's mass. Indeed, both the amount of heat dissipated by the skin and the amount of heat produced by the metabolic rate are following allometric scaling laws, i.e. vary like a power law of the animal mass. But the former has a smaller exponent, estimated at 0.63 [9] , than the later, which is in the range 0.69−0.76 for basal metabolic rate [10] [11] [12] [13] [14] [15] [16] [17] , in the range 0.73 − 0.75 for field metabolic rate [18] [19] [20] and is about 0.87 at maximum metabolic rate (V O2max ) [21] . Hence, large mammals might have less amplitude for increasing their metabolic rates than small ones. They have to rely on lower maximal metabolic rates or on alternative strategies for dissipation [9] . The example of the elephant ears is emblematic, as these large ears increase the animal body surface area and bring a net gain in heat dissipation [22] . This analysis fits in the framework of the Heat Dissipation Limit theory which is supported by both theoretical and experimental studies [9, 23] . This suggests that the ability to dissipate heat is an active evolutionary drive: any improvement of the capacity to dissipate heat can provide an evolutionary advantage by allowing a net increase of the metabolic rate [24] [25] . Indeed, numerous specific evolutionary strategies have emerged amongst mammals to improve heat dissipation, either behavioral [26] or morphological [27, 28] .
Since the relative capacity to dissipate heat through the skin is decreasing with the mammals' mass, the question on how the other surface-based dissipative mechanism common in all mammals behaves with the mass is raised. Indeed, all mammals do not have ears as large as those of the elephants, but they all have an internal surface in contact with the ambient air: the lung. The structure of this organ offers by far the largest exchange area of mammals with the outside world. For a typical human, the mean surface area of the lung is about 75 m 2 [3] , while the surface of the skin is about 2 m 2 [29] . This surface, and actually all the respiratory tract, is often neglected for heat exchanges because its contribution is considered negligible [9] . However, the respiratory tract has also been estimated to dissipate up to 10 % of the total heat produced in human [1] with no decisive insight on how these 10 % distribute between the upper respiratory tract and the lung. In the framework of Heat Dissipation Limit theory, the ability to dissipate up to 10 % more heat might nevertheless prove a deci-sive evolutionary advantage in term of fitness [30] . Also, mammals' lung characteristics are known to be finely adjusted to the animal's mass, with striking allometric scaling laws [11, 21] . Hence the contribution of mammals' lung on heat dissipation is ought to depend on the animal's mass, hopefully in the form of an allometric scaling law too. The derivation of such a law and its comparison with that of the metabolic rates could finally highlight the place of the lung in the global strategy of mammals to dissipate heat. As complete data for allometric laws is available only at basal metabolic rate, we will focus our analyses on this regime using the framework proposed in [11] .
During inspiration, ambiant air is brought in contact with the mucosa of the mammals' respiratory tract, which is usually warmer and wetter than the inhaled air. Hence, during inspiration, heat is extracted from this tissue by direct exchanges with the air [31] and by the evaporation of the water contained in the mucosa [32] . It was first thought in the 1950s that the air was fully heated and humidified in the upper respiratory tract of human adults, i.e., before even reaching the lung [33, 34] . This was refuted in the 1980s by experiments conducted by McFadden and his collaborators [35, 36] . Indeed, they were able for the first time to measure the air temperatures in the proximal generations of the lung and observed that they were significantly below body temperature. To explain these observations, they hypothesized that heat was extracted from the mucosa of the lung during inspiration, significantly decreasing the mucosa temperature and inducing a cooling of the expiratory air. However, the intricate interplay between these hypothesized transfers and the complex geometry of the lung is still not understood as of today: how and how much heat is really dissipated by the lung remain to be uncovered. More generally, this raises the question about the role and about the quantification of the lung as a heat and water exchanger within the body, for humans and, more generally, for mammals.
The analysis proposed here is based on an original, fully tractable and analytical mathematical model of the physical processes involved in the heat and water exchanges in the lung. It is the result of a comprehensive simplification of a far less tractable numerical model that forms the most detailed validated modelling work in that field as of today [37] . As this advanced numerical model reproduces well the reference experiments from McFadden and collaborators [36] , it is used as a validation basis for our analytical model. Strikingly, our model produces predictions that are very close to that of the advanced numerical model. Details of the validation of our model will be available in a separate supplementary material.
The power exchanged by direct heat transfers represents about 20 % of the power exchanged by the phase change of water, hence the sole study of the water exchanges is enough to get the full picture. When the in-haled air reaches a bronchus, its water content depend on the exchanges in the upstream bronchi, highlighting the role of the lung's tree structure on the way air is warmed. The Weibel "A" model has already proven to be very reliable to mimic the geometry of the mammals' lung for analyzing a wide range of lung-related processes [37] [38] [39] [40] [41] [42] [43] . It consists in a symmetric bifurcating tree with straight circular cylinders mimicking the bronchi. The size of the cylinders decreases with a factor h = 1 2 1 3 0.79 [38, 39] at bifurcations. The set of bronchi of the same size is called a generation which are numbered from 0 to N . The first generation (i = 0) corresponds to the trachea and the last generation (i = N ) corresponds to the bronchi that are connected to the alveolar regions (acini) [44] . The i th generation consists of 2 i bronchi with the same radius r i = h i r 0 , with length l i = h i l 0 , cross-sectional area S i = πr 2 i and area of the mucosa surface in contact with the air W i = 2πr i l i . A schematic view of the model geometry is presented in Fig. 1(a) . The air flows in these bronchi with a velocity v i > 0 at the inspiration and v i < 0 at the expiration, and the conservation of air volume directly implies v i S i = 2v i+1 S i+1 . As shown in Table I , core quantitative characteristics of the mammals' lungs exhibit empirical or computed allometric scaling laws [11, 45] . The coupling of these allometric scaling laws with a self-similar model of the lung's geometry will allow to derive an interspecific, comprehensive and fully tractable framework in which heat and water exchanges can be investigated.
In a bronchus of generation i, the inspired air carries a water concentration C in i and the expired air carries a water concentration C ex i [46] . The power exchanged between the mucosa and the air within a bronchus is proportional to the amount of water exchanged between the mucosa and the air in this bronchus per second (flow). Hence, the powers exchanged in a bronchus of generation i at inspiration and expiration respectively express
, with L the molar latent heat of water vaporization. The total power exchanged P =
. During a respiratory cycle, since the properties of the expired air are identical to those of the inspired air at the end of the bronchial tree (i.e. C in N = C ex N = 1 [48]), the total power exchanged in the lung is then P = 1 2 Lv 0 S 0 (C ex 0 − C in 0 ). C in 0 depends on how air is heated and hydrated in the upper respiratory tract at inspiration, and thus on mammal species and on their environment. Nevertheless, in order to derive a coherent response between species, the same C in 0 will be applied for all mammals [44] . Indeed, as the upper respiratory tract's physiology and biophysics are different from that of the lung, coupling the two systems might mix two different responses and hide both of them. This assumption enables using dimensionless water concentrationsC in Water concentration along the bronchial tree Mechanisms Lung geometry Figure 1 . (a) The mammals' lung (left) is modelled using Weibel "A" model [38] (right). (b) The power exchange is studied in axisymmetric idealized bronchi, it is mainly driven by the dynamics of water in the bronchi. Water is transported through the tree and in the bronchi by advection with air and diffusion. While transported, water condensates on or evaporates from the bronchi mucosa. (c) An example in the human case at rest of the predictions of our analytical model for dimensionless water concentrations.
is the saturation concentration of water in air at the mammal's body temperature T b [44, 49] . Working with dimensionless concentrations will allow to extract the intrinsic responses of the mammals' lung, independently on the environmental properties. Consequently, from here onwards, all quantities called concentrations (C) will be dimensionless and all quantities called powers (P) will be accordingly normalized, unless explicitly said. The corresponding total power exchanged in the lung is theñ P = 1 2 Lv 0 S 0C ex 0 . Hence the total power exchanged in a mammal's lung depends on its amount of air flow v 0 S 0 and on its expiratory water concentration in tra-cheaC ex 0 . The air flow, often referred to as minute ventilation, is known to follow an allometric scaling law at rest, v 0 S 0 ∝ M (1)
We have to uncover now how the expiratory water concentration in tracheaC ex 0 behaves with mammals' masses.
During ventilation, the stationary balance of the amount of water in a bronchus at generation i is equal to the difference between the water entering the bronchus and the water leaving the bronchus. The water enters the bronchus by convection with the airflow and by the exchange with the mucosa, while the water leaves the bronchus only by convection with the air flow, as schematized on Fig. 1(b) . The exchange with the mucosa is driven by the difference between the water concentrations in the air-mucosa interface (C µ i ) and the water concentration in the lumen, approximated by its mean valueC i . The balance formulates mathematically,
At equilibrium, the water concentration in air at the air-mucosa interface,C µ i , equals the saturation concentration of waterC sat (T i ) at the mucosa temperature
is the diffusion velocity of water in the bronchus during a transit time of air t a,i = l i /|v i | = 2h 3 l 0 /|v 0 |. Since h = 1 2 1 3 , t a,i and u i do not depend on the generation and the index i can be dropped.
The complex interaction between the water exchanges and the lung's geometry can be first highlighted in the simple inspiratory context assuming that the air is at body temperature at the air-mucosa interface, i.ẽ C µ i = 1. Then, Eq.
(2) directly yields to a recurrence relationship for the water concentration at inspiration,
Under this assumption, the powerP in i exchanged in a bronchus of generation i can be reformulated using Eq. (2), leading for the power exchanged in the generation i,p i = 2 iP in i , to another recurrence relatioñ
Thus, the behavior of the local dissipated powerp i along the tree generations results from a trade-off along the generations between the increase of the cumulated surface area of the bronchial sections (with the factor 2h 2 ) and the decrease of the water concentration difference between the air-mucosa interface and the bronchus (with the factor (1 + (2h 2 ) i Γ 0 ) −1 ). The quantity Γ 0 reflects the morphological and exchange characteristics of a specific mammal species and follows an allometric scaling law at rest Γ 0 = 0.83 M − 1 4 [11, 45] Hence, large mammals tend to have lower Γ 0 than small mammals. When Γ 0 is smaller than 1 − h 0.21,p i first increases along the bronchial tree up to a maximum value from where it starts to decrease. In this simplified frame based on an 
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a This quantity is a characteristic time of blood transport in a tissue and is the ratio between a blood flow and a volume of tissue. In general, flows are proportional to M 3 4 and volumes to M 1 [11, 51] , so we assume that this transit time follows an allometric scaling law in M [11] . The thermodynamics quantities are given at 37 • C.
isothermal mucosa, the maximum is reached at a gener-
[53]. When Γ 0 is larger than 1 − h, the maximum is reached at the trachea and p i decreases monotonically along the bronchial tree. The transition occurs in the physiological range of mammals' masses and the heat dissipation in small mammals is indeed maximal at the trachea, while for larger ones, it is maximal deeper into the lung, with the rule of the heavier, the deeper, as shown in Fig. 2 . As Γ 0 is increased at exercise, the location of the dissipation maximum shifts towards the proximal part of the mammals' bronchial tree, and the transition occurs for a larger mass than at rest. The location of the maximal dissipation might be related to the panting behavior, that is used by small mammals, dogs and sheeps [26] . Indeed, quick shallow breaths decrease Γ 0 and shift the maximum dissipation toward the proximal part of the tree, hence potentially increasing panting's efficiency [54] .
Although based on a simplified approach that assumes the mucosa to be isotherm, the behavior highlighted in the previous analysis still holds with the non isothermal case and with the advanced numerical model [37] . The analytical expression for i M in the frame of a non isothermal mucosa shows a shift toward the deeper bronchi relatively to the isothermal case, see the next steps of our study and [55] . All three models predict however exactly the same slope for i M as a function of log(M ): 3 4 log(M ) log(2) . This highlights the complex competition between the physics and the geometry. The predicted patterns of exchanges are not homogeneous among mammals, which seems at first sight to rule out the possibility of an allometric scaling law for the total heat dissipated in the lung.
In order to progress further in determining howC ex 0 could behave with mammals' masses, we have now to include the temperature of the mucosa. We will consider the mean temperature of mucosa T i in the generation i. As for water concentration, a coherent response between mammals is obtained by considering a dimensionless temperature for the mucosa of a bronchus in a generation i. The mucosa dimensionless temperatureT i is defined relatively to the tracheal temperature of air at inspiration
is the body temperature of a mammal. Again, unless explicitly said, all temperatures in the following will actually be dimensionless temperaturesT . Now, when air is inspired, heat is lost from the bronchial mucosa by direct heat exchanges and water phase change in the lumen, while it is also reheated in parallel by the blood flowing in the connective tissue [3] . Thus, the deviation of the mucosa temperature from the body temperature depends on the relative strength of these two phenomena, and formulates using an energy balance equation [37] , where Ξ = β Ξ tin t b and Ψ = β ψ tin ta are two dimensionless numbers. The number Ξ characterizes the strength of the mucosa reheating by the renewal of the blood flowing in the connective tissue. It is proportional to the ratio of two physiological characteristic times: the characteristic time of ventilation t in and the characteristic time needed for blood to transit in a volume equivalent to the whole volume of the bronchial mucosa t b . The dimensionless coefficient β Ξ 1.07 [56] is the ratio of the volumetric heat capacities of the blood and water that balances the two times accordingly. The number Ξ is intrinsically independent of the generation within the bronchial tree. The same is true for the number Ψ since t a was shown to be independent of i. The number Ψ characterizes the strength of the mucosa cooling by heat and water exchanges from the mucosa interface to the lumen where air flows. It also depends on the ratio of two physiological characteristic times: the characteristic time of ventilation t in and the characteristic time of air transit in a bronchus t c . The dimensionless coefficient β Ψ 0.022 balances the times accordingly to the diffusive properties of heat and the diffusive and evaporative properties of water in air and mucosa [57] . The allometric scalings laws of the physiological characteristics involved in the expressions Ξ and Ψ (see Table I ) show that these two numbers do not depend on mammals' mass either and Ξ 0.087 and Ψ 0.13. Hence, the thermophysical response of the bronchial mucosa to temperature and water concentration variations is identical all along the bronchial tree of a single species, as well as for all the Mammalia class.
Estimates of Ξ and Ψ indicate that both dynamics of heat supply by the blood flow within the mucosa and heat loss by the air flow in the lumen are of similar order of magnitude, while being relatively small in front of 1. Thus, the mucosa temperature varies relatively slowly over a ventilatory cycle. The dynamics of water con-centrationC µ i at the air-mucosa interface is intrinsically linked to the mucosa temperature and reaches a value that can be considered independent on time,
A third dimensionless number emerges Υ 0.80 [59], which depends on constants related to water thermodynamics at T b and inhaled air properties, but does not depend on the animal's mass either. Interestingly, the three dimensionless numbers appear in the expression ofC µ i grouped into a global dimensionless number
1.17 driving all its behavior. G is fully independent on the inhaled air properties, on the body temperature and on the mammals' mass [60] .
The mass conservation of water formulated with equation (2) for a bronchus of generation i can be rewritten in dimensionless form during inspiration,
. The quantity Γ i = 2 u ri li |vi| measures the strength of water transport in the air from the air-mucosa interface to the lumen of the generation i [61]. An allometric scaling analysis reveals (see Table I ) that Γ i 0.83 2
. These transfer coefficients are smaller for large mammals because of geometric effects only; the bronchial aspect ratio r i /l i ∝ M 1 4 increases with the animal's mass. The concentrations of water throughout the lung with a non isotherm mucosa have a striking analytical expression [55] and prove to be in good agreement with the predictions of our advanced numerical model [37] . Fig. 1(c) shows an example of how water concentration varies with the location in the lung for the human case at rest. The expiratory water concentration in the trachea is a function of G only and does not depend on the local exchanges described by Γ i ,
Knowing now all the quantities involved in the expression of Eq. (1), the law describing the total normalized dissipated heat in the lung at rest as a function of the mammals' mass can be derived, 
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The number G = ΥΨ Ξ = β G t b √ tinta [48] drives the mammals' lung's behavior in term of heat and water exchanges. Its formulation includes only thermodynamical and physiological parameters, but does not depend on the environmental conditions and on mammal's mass. The dimensionless coefficient β G 0.0165 is only composed of thermodynamical constants. As highlighted by our model for mucosa temperature dynamics, G is proportional to a combination of three core characteristic times of the mammals' physiology: the equivalent transit time of blood within the volume of the whole bronchi mucosa t b , the transit time of air in the lumen t a , and the time of inspiration t in . The capacity of a lung to behave as a heat exchanger is increased for small values of G and is maximal for G = 0, when blood is able to bring enough heat to keep mucosa at body temperature. Then, no energy is recovered during expiration andC ex 0 = 1. On the contrary, for large values of G, the mucosa temperature drops closer to the inhaled air temperature and more energy is recovered during expiration. Consequently, the power dissipated in the lung decreases. In the limit case of G → ∞, no power is dissipated at all (C ex 0 → 0). Mammals have the striking property of exhibiting a universal value for G at rest that we estimated to be about 1.17, indicating that under the same environmental conditions, their lungs behaves identically in term of heat and water exchanges, whatever the mammal's mass. This first quantitative estimation for G is driven by equation (3) and by the hypotheses made for its derivation [37] . These allometric scalings are unexpected because the dissipated heat patterns along the lung's generations are fundamentally different between mammals. The reason behind this comes from two facts. First, the total dissipated power during inspiration does not depend on the local exchanges Γ i since, as previously calculated,P in = 1 2 Lv 0 S 0 . Secondly, in each bronchus the expiratory air flow in contact with a colder mucosa releases a power that is proportional to the power dissipated during inspiration in the same place. But the ratio between the powers dissipated at expiration and inspiration in a bronchus is independent on both the generation index and the mammal's mass:
The total power at expirationP ex is a fraction of the total power at inspirationP in , hence it is also independent on the Γ i . Such a behavior results from the slow response of the mucosa temperature, implying that the water concentration at air-mucosa interface in a bronchus has not enough time to change between inspiration and expiration [63].
We will now go back to absolute powers and concentrations. A mammal with body temperature T b and with an inspiratory water concentration in the trachea C in 0 dissi-pates the following absolute power:
The quantity (C sat (T b ) − C in 0 ) represents the environmental conditions felt by the animal's lung, in the form of a water concentration difference in air between the trachea at inspiration (C in 0 ) and the distal lung, where air is assumed saturated in water (C sat (T b )). The latent heat L converts the water concentrations into an amount of heat needed for the corresponding evaporative process occurring in the lung. The amount of power v 0 S 0 L(C sat (T b ) − C in 0 )/2 corresponds to the maximum possible power dissipated in the lung, when no water condensation occurs at expiration. This maximal amount of power is weighted by the mass-independent ra-tioC ex 0 = 2 G √ 1 + G − 1 ≤ 1, that reflects the complex interactions between the physics and the lung's geometry.
The phenomenon of water exchanges and of heat dissipation, can actually be reformulated at the organ level as an equivalent Fick's law. This Fick's law relates the molar flux of water getting out of the lung j H2O < 0 with a gradient of water concentration between the trachea C in 0 and the alveoli C sat (T b ) at inspiration, j H2O = −D 1 + G − 1 ∝ M 0 is the characteristic velocity of the water diffusive process throughout the lung, it is independent on the animal mass. The complex interactions between the lung geometry and the physics of exchanges imply that the actual diffusive velocity is smaller than the convective velocity, as it is a fraction 1
Similarly, a water diffusing time can be defined tL H2O = l 2 /DL H2O , and like inspiratory times and capillary transit times, it varies with M 1 4 at rest [11] . Although the inner physical processes in the lung are different than for oxygen transport, the existence of an equivalent Fick's law for water transport and exchanges in the lung allows to define important new physiological quantities: the water pulmonary diffusing capacity DL H2O and the heat pulmonary diffusing capacity DL P of the mammals' lungs. These quantities are defined in the same way than the pulmonary diffusing capacity DL O2 that is related to oxygen transport [3, 67, 68] . The water pulmonary diffusing capacity relates the flow of water getting out of the lung with the difference in water partial pressures in air between the trachea and the alveoli [69],
withV E the minute ventilation that names the air flow v 0 S 0 when it is expressed in a volume per minute. The number β DH2O = 1.32 10 −3 mmHg −1 is a constant accounting for the conversion of water concentrations into water volumes [70] . On the contrary of oxygen diffusing capacity DL O2 , water diffusing capacity DL H2O depends on the lung's ventilationV E . For water and heat exchanges, ventilation, as well as lung's geometry, are constraints due to the main function of the organ, the transport of oxygen and carbon dioxide. The water pulmonary diffusing capacity DL H2O varies with M 3 4 at rest, a scaling law that differs from DL O2 which varies with M 1 [11, 68] . This difference in allometric scaling laws highlight the fact that the diffusing capacity for heat and water exchanges varies in mammals only through the amount of air flow entering the lung, in M 3 4 , while the diffusing capacity for oxygen is mostly driven by spacefilling geometrical properties in the distal lung, varying with M 1 [68]. As a consequence, mass water pulmonary diffusing capacity, expressed as DL H2O /M scales with M − 1 4 and thus decreases with mammals' mass. This indicates that large resting mammals tend to lose relatively less water through their lungs than small mammals.
In a similar way, we can also define a heat pulmonary diffusing capacity relating the power P with the same water partial pressures difference, P = DL P p sat (T b ) − p in 0 . The expression of the heat pulmonary diffusing capacity is close to that of the water pulmonary diffusing capacity, with β DP = 5.15 10 −2 mol/(ml.mmHg) [71] . As heat production in the mammals' body is generally assumed to be proportional to M 3 4 [72] , the ratio between the heat pulmonary diffusing capacity and the heat production does not depend on the mammals' mass. Hence, all mammals dissipate the same proportion of the heat it produces through their lung under similar environmental conditions, as shown on Fig. 3 . We estimated that P = 0.22 M Power P (W) Figure 3 . Although the distribution of dissipated power in the lung is complex and depends on the mammal species, the total dissipated power by the lung at rest follows an allometric scaling law with an exponent 3 4 , like the basal metabolic rate. Hence, whatever its size, a mammal dissipates with its lung the same proportion of the heat that it produces, about 6 %. Actually, the total dissipated power only depends on the universal dimensionless number G, estimated to be 1.17 at rest. model estimates that, in typical environmental conditions [44], the lung dissipates about 6 % of the total heat produced by the mammals' body at rest, while fulfilling its primary function. As dissipation through the skin is relatively less efficient in large mammals, the proportion of the heat dissipated by the lung versus that dissipated by the skin increases with the animals' mass with M 0.75 /M 0.63 = M 0.12 . Hence, the relative role of the lung in the strategy of mammals for heat dissipation is more important for large mammals.
The evolutive forces that scale the mammals' lung with the metabolism needs of each species [73] also scales the lung for dissipating actively heat. It is not a priori obvious because, even though respiratory and heat dissipation functions rely on transport and exchange phenomena, heat dissipation mainly occurs by water exchanges through the proximal bronchi walls, while oxygen and carbone dioxide exchanges occur in the distal regions of the lung where no heat is exchanged. The evaporative cooling effect resulting in a mucosa temperature below the body temperature is the key to understand how mammals' lung exchanges water and dissipates heat. This mechanism has the potential to adjust the amount of heat dissipated at different biological levels. At the individual level, mechanisms for blood flow regulation will affect heat exchanges. Well known examples are the vasoconstriction of the pulmonary vessels or smooth muscles responses to cold environment [74] ; both are suspected to be at the origin of some forms of asthma when they suffer from dysfunctions [75] . At the species level, a trade-off between heat and water losses might well have been selected by evolution [76] . Our model allows to highlight from the analysis of the number G which morphological parameters affect the heat dissipation according to our model for mucosa temperature. The two characteristic times t in and t a are strongly related to the respiratory function of the lung. On the contrary, blood virtual transit time in the connective tissue t b is a good candidate as an independent parameter on which evolution might have played to build a potential trade-off between heat and water loss. Indeed, our work shows that heat dissipation through the lung has not been counter-selected, and it might even have been favored to allow foraging in both cold and warm environment, typically day and night [24] or to allow higher metabolic rates [9] . Hence our results are fully compatible with the Heat Dissipation Limit theory [9, 23] . This is all the more true for large mammals as heat dissipation through their skin has a lower relative efficiency than small mammals, so the role that the lung plays in their global strategy for heat regulation is more important [9] .
The previous properties should be reenforced at metabolic regimes higher than rest, typically at field metabolic rate and at maximal metabolic rate [19, 21] . Gaps in the literature in term of allometric properties at these regimes prevent however from extending our allometric analysis to both field and exercise metabolic rates. Although our model might be less accurate at exercise, because more complex flow patterns could affect exchanges at the air-mucosa interface in the proximal bronchi, an approximate analysis at exercise in human brings interesting intraspecific insights. The response at maximal metabolic rate goes with an increase of the number G, indicating that DL P /V E = 1 G ( √ 1 + G − 1) is decreasing. Hence the response in term of power diffusing capacity is a trade-off between how 1 G ( √ 1 + G − 1) is decreasing and how the ventilationV E is increasing. We estimated this trade-off in human using data from [77] . For exercising humans, DL P is increasing with the exercise intensity. Moreover, the ratio DL P /V O2 varies very little, as shown on Fig. 4 . Hence, the increase of the heat pulmonary diffusing capacity almost fits the increase in term of energy needs in humans, which itself is related to the body heat production. At maximal exercise, G is increased by a factor 3.64 hence decreasing 1 G ( √ 1 + G − 1) from 40 % to 30 %. However, ventilation increases by a factor larger than 14, inducing a global increase of DL P of about 10, which is the proportion of increase ofV O2 from rest to maximal exercise. This indicates that heat pulmonary diffusive capacity in human might adjust to the working load of the body, thus always keeping pace with the heat production.
Our study derives for the first time, with an analytical, highly tractable and validated model, how heat and water Figure 4 . Ratio between heat pulmonary diffusive capacity DLP andVO2max in human at different level of exercise [77] .
The ratio varies little with the exercise intensity, indicating that both quantities are evolving at a similar pace: the proportion of heat dissipated by the lung is predicted to be almost the same whatever the regime.
exchanges are driven amongst mammals by a universal number G. The model for the temperature of the mucosa reflected by equation (3) allows to get a first theoretical estimation of G and opens a new door to the understanding of the alternative strategies used by mammals to regulate their heat, depending on their size. Our study supports the idea that the lower mucosa temperature in the proximal bronchi could well not be solely a side effect of respiration, but instead be a selected feature of the respiratory system, all the more for large mammals whose lungs plays a more important role in their heat dissipation strategy than small mammals. As shown by our analysis for exercising human, the heat and water pulmonary diffusing capacities that we introduced in this work might prove a powerful tool to study inter-and intraspecific properties of the healthy or pathologic lung as a heat and water exchanger.
The authors gratefully acknowledge the financial support of ESA and BELSPO (ESA-ESTEC-PRODEX arrangement 4000109631), Fonds de la Recherche Scientifique -FNRS (Postdoctoral Researcher position of BS) and the French National Research Agency (ANR Virtu-alChest, ANR-16-CE19-0014 and Idex UCA JEDI, ANR-15-IDEX-01). [46] Considering water vapor as a perfect gas, the water concentration of air is linked to the temperature according to C = Pv/(RT ), where Pv is the vapor partial pressure andR = 8.314 J.mol −1 .K −1 is the perfect gas constant. We classically consider that air reaches the trachea of the lung at inspiration with a humidity H in 0 = 0.80 and a temperature T in 0 = 30 • C [35] . The water concentration of air at the trachea is then C in 0 = 1.352 mol.m −3 since Pv = HPsat(T ), where Psat(T ) is the water saturation pressure estimated using the Clausius-Clapeyron equation. These values of T in 0 and C in 0 are considered in this work as input parameters for all mammals. The saturation concentration of water Csat(T ) estimates considering Pv = Psat(T ), and for instance equals to 2.436 at
The power exchanged between the bronchial mucosa and the breathed air is strictly used to vaporized/condensed the water and heat/cool the air depending on the conditions. Thus, for instance at inspiration, the powers exchanged in a bronchus of generation i strictly writes
0.15. The latter dimensionless number, that compares the quantity of energy required to heat/cool the air to the one required to phase change the water, reveals the power dissipated in a bronchus is mostly used for phase changed (85 %). Consequently, for seek of simplicity and with the will of developing a comprehensive analytical model with the main physical ingredients, we consider P in i ≈ viSiL(C in i − C in i−1 ), and consequently, P ex i ≈ viSiL(C ex i−1 − C ex i ). Then, we expect our analyti-cal model to slightly underestimate the local and global dissipated powers compare to an advanced model considering the entirety of the mechanisms such as [37] (see Note [31] ). It is confirmed in Figs 2 and 3.
[48] The fact that distal air in the lung is fully heated and hydrated can be proven using an infinite tree and sending this condition to infinite, limi→∞C in i = 1 and limi→∞C ex i = 1. Then our model predicts that for N = 17, the shift ofC in N andC ex N from 1 is less than 0.1 %. Hence this supports that assumingC in N = 1 and C ex N = 1 is a reasonable approximation. 
and Id = 1 0 0 1 . The analytical solution is computed thanks to two observations: 1/ the quantity
is actually an eigenvector of A. Several algebraic manipulations and the assumption that C in 0 = 0 andC ex N = 1 (possibly with N = +∞), allows to reach an analytical expression for the dimensionless concentrations,
From these equations, the location of the maximum of the dissipated power can be derived by solving the inequalitỹ pi−1 <pi relatively to i, withpi = L2 i viSi(C in i −C in i−1 + C ex i−1 −C ex i ), the power dissipated in generation i. Then,
[56] βΞ = ρ b c p,b ρ l c p,l .
[57] βΨ = Ko Le − 1 2 0.022 is composed of two dimensionless numbers: the Kossovitch/Bulygin number Ko − Bu =
1.62 × 10 −3 which compares for a wet medium the energy required for the phase change to the one required for its heating or cooling, and the Lewis number Le = α l /D 5.58×10 −3 that compares the heat diffusion in the mucosa with the vapor diffusion in the lumen. Its estimated value is computed for T b = 38 • C.
[58] If we assume a local equilibrium at the air-mucosa interface and small shifts of mucosa temperature relatively to body temperature, an approximation of water concentration at air-mucosa interface can be derived,
. Formulated for inspiration (exponent in ) and expiration (exponent ex ), the equation (3) can be integrated on dimensionless time in [0, 1],
with the quantities on the right hand side being the mean values over the dimensionless time in [0, 1]. Accounting for the slow time-variation of the mucosa temperature due to the fact that Ξ and Ψ are small, the mean temperatures can be approximated withT ex i 1 2 (T ex (1)+T ex (0)) andT in i 1 2 (T in (1) +T in (0)) (trapezoidal approximation). As end inspiration phase is the beginning of expiration phase and vice-versa,T in i (1) =T ex i (0) and T ex i (1) =T in i (0). Hence,C µ i,ex −C µ i,in = Υ(T ex i −T in i ) 0 (at the order of the trapezoidal integration), andC µ i,ex C µ i,in C µ i . This last equality allows to extract from the integrated equations (4) the approximation proposed for C µ i = (2 + ΥΨ Ξ (C in i +C ex i ))/(2 + 2 ΥΨ Ξ ). This analysis validates the use of mean values for water concentrations for inspiration and expiration, most particularly in equation (2).
[59] Υ = dC sat
, its estimated value is com-
varies very little with T b , hence it can be considered almost constant on the range of body temperature of mammals.
[61] Γi is twice the ratio between two characteristic times: ta,i = li/|vi| = 2h 3 l0/|v0| 0.026 × M 1 4 s that represents the transit time of air due to ventilation in a bronchus of generation i and t d,i = r i u = h i r 0 u 0.063×0.794 i ×M 1 2 s that represents the time for water to diffuse towards the center of the lumen of the same bronchus. Note that ta,i is actually independent of the generation i since h is constant. Consequently, Γi increases with the generations since the diffusion time decreases along the generations.
[62] Finally note that both characteristic times ta and t d,i are most of the time much smaller than the lung's ventilation characteristic time tin 2 s, supporting the quasi-static approximation of the water flow balance in equation (2).
[63] The ratio |P ex i /P in i | is actually not constant in the results from Karamaoun and collaborators [37] , although their refined model also predicts a 3/4 allometric scaling law for the total heat dissipated by the lung. Actually, the ratio |P ex i /P in i | shows a decrease that is slow in the upper bronchial tree and that is accelerating in the lower bronchial tree. Because most of the exchanges happen in the upper bronchial tree, the approximation of a constant |P ex i /P in i | still hold the core explanation of why the dissipated heat follows a 3/4 allometric scaling law.
[64] The length from trachea to the acini is l = N i=0 l0h i with N + 1 the number of convective generations in the bronchial tree, then l = l0(1 − h N +1 )/(1 − h) and we assume that N is large enough so that 1 − h N +1 1.
[65] W. R. Stahl, J. appl. Physiol 22, 453 (1967) .
[66] B. Gunther, Physiological Reviews 55, 659 (1975).
[67] C. Bohr, Skandinavisches Archiv Für Physiologie 22, 221 (1909) . The concentration difference Csat(T b ) − C in 0 is actually proportional to the partial pressure differences corrected with the temperature, i.e
However, expressed in Kelvin, the ratio (T b − T0)/T b is generally less than 10 % in typical mammals' environmental conditions. So, we can assume that
